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Abstract
In this paper we first calculate the form factors of B → (pi,K) and Bs → K transitions
by employing the perturbative QCD (pQCD) factorization approach with the inclusion of the
next-to-leading-order(NLO) corrections, and then we calculate the branching ratios of the cor-
responding semileptonic decays B/Bs → (pi,K)(l+l−, lν, νν¯) (here l denotes e, µ and τ). Based
on the numerical calculations and phenomenological analysis, we found the following results:
(a) For B → (pi,K) and Bs → K transition form factors F0,+,T(q2), the NLO pQCD predic-
tions for the values of F0,+,T(0) and their q
2-dependence agree well with those obtained from
other methods; (b) For B¯0 → pi+l−ν¯l, K¯0l+l− and B− → pi0l−ν¯l,K−l+l− decay modes, the
NLO pQCD predictions for their branching ratios agree very well with the measured values; (c)
By comparing the pQCD predictions for Br(B¯0 → pi+l−ν¯l) with the measured decay rate we
extract out the magnitude of Vub: |Vub| =
(
3.80+0.56−0.50(theor.)
)×10−3; (d) We also defined several
ratios of the branching ratios, Rν , RC and RN1,N2,N3, and presented the corresponding pQCD
predictions, which will be tested by LHCb and the forthcoming Super-B experiments.
PACS numbers: 13.20.He, 12.38.Bx, 14.40.Nd
a Email Address: xiaozhenjun@njnu.edu.cn
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I. INTRODUCTION
The semileptonic decays B → (π,K)(l+l−, lν¯, νν¯) and Bs → K(l+l−, lν¯, νν¯) with
l = (e, µ, tau) are very interesting B/Bs decays modes and playing an important role in
testing the standard model (SM) and in searching for the new physics (NP) beyond the
SM, such as the determination of |Vub| and the extractions of the transition form factors
F0,+,T(q
2) of B/Bs meson to pion and/or kaon. For the charged current B/Bs → P lν¯
decays, the ”Tree” diagrams provide the leading order contribution. For the neutral
current B/Bs → P l+l− and Pνν¯ decays, however, the leading order SM contributions
come from the photon penguin, the Z penguin and the W+W− box diagrams, as shown
in Fig. 1, where the symbol ⊕ denotes the corresponding one-loop SM contributions.
On the experiment side, some decay modes among the all considered B → P (l+l−, lν, νν¯)
decays have been measured by CLEO, BaBar and Belle experiments [1–5]. The Bs →
K(l+l−, lν, νν¯) decays are now under studying and will be measured by the LHCb and
the forthcoming Super-B experiments [6, 7].
On the theory side, the considered semileptonic decays strongly depend on the values
and the shape of the B/Bs → P form factors. At present, there are various approaches to
calculate the B/Bs → (π,K) transition form factors, such as the lattice QCD technique
[8], the light cone QCD sum rules (LCSRs) [9–12], as well as the perturbative QCD
(pQCD) factorization approach [13–17]. The direct perturbative calculations of the one-
gluon exchange diagram for the B(s) meson transition form factors suffer from the end-
point singularities. Because of these end-point singularities, it was claimed that the
B → P transition form factors is not calculable perturbatively in QCD [18].
In the pQCD factorization approach [19], however, a form factor is generally written
as the convolution of a hard amplitude with initial-state and final-state hadron distri-
bution amplitudes. In fact, in the endpoint region the parton transverse momenta kT
is not negligible. If the large double logarithmic term αs ln
2(kT) and large logarithms
αs ln
2(x) are resummed to all orders, the relevant Sudakov form factors from both the
kT resummation and the threshold resummation[20, 21] can cure the endpoint singularity
which makes the perturbative calculation of the hard amplitudes infrared safe, and then
the main contribution comes from the perturbative regions.
In Refs. [13, 16], for example, the authors calculated the B → π, ρ [13] and B → S form
factors [16] at the leading order by employing the pQCD factorization approach and found
that the values of the corresponding form factors coming from the pQCD factorization
approach agree well with those obtained by using other methods. In a recent paper[22],
Li, Shen and Wang calculated the next-to-leading order (NLO) corrections to the B → π
transition form factors at leading twist in the kT factorization theorem. They found that
the NLO corrections amount only up to 30% of the form factors at the large recoil region
of the pion.
In this paper, based on the assumption of the SU(3) flavor symmetry, we first extend
the NLO results about the B → π form factors as presented in Ref. [22] to the cases of
B → K and Bs → K directly, and then calculate the q2-dependence of the differential
decay rates and the branching ratios of the considered B/Bs semileptonic decay modes,
and furthermore extract |Vub| based on our calculations.
This paper is organized as follows. In Sec.II, we collect the distribution amplitudes
of the B/Bs mesons and the π,K mesons being used in the calculation and give the
kT-dependent NLO expressions of the corresponding transition form factors. In Sec.III,
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FIG. 1. The typical Feynman diagrams for the semileptonic decays B/Bs →
(pi,K)(l+l−, lν¯, νν¯), where the symbol ⊕ in (b) and (e) denotes the flavor-changing neutral
current vertex with V = γ and/or Z boson.
based on the kT factorization formulism, we calculate and present the expressions for the
B/Bs → π,K transition form factors in the large recoil regions. The numerical results
and relevant discussions are given in Sec. IV. And Sec. V contains the conclusions and a
short summary.
II. THE THEORETICAL FRAMEWORK AND NLO CORRECTIONS
For the sake of simplicity, we use B denotes both the B and Bs meson and P denotes
final meson π or K from now on. As usual, we treat B meson as a heavy-light system.
In the B meson rest frame, with the mB stands for the mass of B meson, we define the
B meson momentum p1 and the final meson P (say π or K meson) momentum p2 in the
light-cone coordinates:
p1 =
mB√
2
(1, 1, 0T), p2 =
mB√
2
η(0, 1, 0T), (1)
with the energy fraction η = 1−q2/m2B carried by the final meson (here q = p1−p2). The
light spectator momenta k1 in the B meson and k2 in the final meson are parameterized
as
k1 = (x1
mB√
2
, 0, k1T), k2 = (0, x2η
mB√
2
, k2T). (2)
Because of the final pseudoscalar meson moving along the minus direction with large
momentum, the plus component of its partons momentum should be very small, so it’s
dropped in the expression of k2. But the four components of k1 should be of the same
order, i.e. O(Λ¯), with Λ¯ ≡ mB − mb, mb being the b quark mass. However, since k2 is
mainly in the minus direction with k−2 ∼ O(mB), the hard amplitudes will not depend on
the minus component k1 as explained below. This is the reason why we do not give k
−
1 in
Eq.(2) explicitly.
In Ref. [22], the authors derived the kT-dependent NLO hard kernel for the B → π
transition form factor. We here use their results directly for B → π transition processes,
3
and extend the expressions of B → π form factors to the ones for both B → K and
Bs → K transitions, under the assumption of SU(3) flavor symmetry. As given in Eq.(56)
of Ref. [22], the NLO hard kernel H(1) can be written as
H(1) = F (x1, x2, η, µf , µ, ζ1)H
(0)
=
αs(µf)CF
4π
[
21
4
ln
µ2
m2B
−
(
ln
m2B
ζ21
+
13
2
)
ln
µ2f
m2B
+
7
16
ln2(x1x2)
+
1
8
ln2 x1 +
1
4
ln x1 ln x2 +
(
2 ln
m2B
ζ21
+
7
8
ln η − 1
4
)
ln x1
+
(
7
8
ln η − 3
2
)
ln x2 +
(
15
4
− 7
16
ln η
)
ln η
−1
2
ln
m2B
ζ21
(
3 ln
m2B
ζ21
+ 2
)
+
101
48
π2 +
219
16
]
H(0). (3)
where ζ1 = 25mB[22], µf is the factorization scale and set to the hard scales t1 or t2 as
defined in the Appendix, η = 1− (p1− p2)2/m2B is the energy fraction carried by the final
meson, and finally the renormalization scale µ is defined as [22]
ts(µf) =
{
Exp
[
c1 +
(
ln
m2B
ζ21
+
5
4
)
ln
µ2f
m2B
]
xc21 x
c3
2
}2/21
µf , (4)
with the coefficients
c1 = −
(
15
4
− 7
16
ln η
)
ln η +
1
2
ln
m2B
ζ21
(
3 ln
m2B
ζ21
+ 2
)
− 101
48
π2 − 219
16
,
c2 = −
(
2 ln
m2B
ζ21
+
7
8
ln η − 1
4
)
,
c3 = −7
8
ln η +
3
2
. (5)
In this paper, we use the same distribution amplitudes for B/Bs meson and for the π
and K meson as those used in Refs. [10, 22–24].
φB(x, b) = NBx
2(1− x)2 exp
[
−1
2
(
xmB
ωb
)2
− ω
2
b b
2
2
]
, (6)
and
φBs(x, b) = NBsx
2(1− x)2 exp
[
−1
2
(
xmBs
ωBs
)2
− ω
2
Bsb
2
2
]
, (7)
where the normalization factors NB(s) are related to the decay constants fB(s) through∫ 1
0
dxφB(s)(x, b = 0) =
fB(s)
2
√
6
. (8)
Here the shape parameter ωb has been fixed at 0.40 GeV by using the rich experimental
data on the B mesons with fB = 0.21 GeV. Correspondingly, the normalization constant
4
NB is 101.4. For Bs meson, we adopt the shape parameter ωBs = 0.50 GeV with fBs =
0.23 GeV, then the corresponding normalization constant is NBs = 63.67. In order to
analyze the uncertainties of theoretical predictions induced by the inputs, we can vary the
shape parameters ωb and ωBs by 10%, i.e., ωb = 0.40±0.04 GeV and ωBs = 0.50±0.05 GeV,
respectively.
For the π and K mesons, we adopt the same set of distribution amplitudes φAi (x) (the
leading twist-2 ) and φP,Ti (x) with i = (π,K) as defined in Refs. [10, 24, 25]):
φAi (x) =
3fi√
6
x(1− x)
[
1 + a1C
3/2
1 (t) + a2C
3/2
2 (t) + a4C
3/2
4 (t)
]
, (9)
φPi (x) =
fi
2
√
6
[
1 +
(
30η3 − 5
2
ρ2i
)
C
1/2
2 (t)− 3
{
η3ω3 +
9
20
ρ2i (1 + 6a2)
}
C
1/2
4 (t)
]
,(10)
φσi (x) =
fi
2
√
6
x(1− x)
[
1 +
(
5η3 − 1
2
η3ω3 − 7
20
ρ2i −
3
5
ρ2i a2
)
C
3/2
2 (t)
]
, (11)
where t = 2x−1, ρpi(K) = mpi(K)/mpi(K)0 are the mass ratios ( here mpi0 = m2pi/(mu+md) =
1.4± 0.1 GeV and mK0 = m2K/(ms+md) = 1.6± 0.1 GeV are the chiral mass of pion and
kaon), api,Ki are the Gegenbauer moments, while C
ν
n(t) are the Gegenbauer polynomials
C
3/2
1 (t) = 3 t , C
1/2
2 (t) =
1
2
(
3 t2 − 1) , C3/22 (t) = 32 (5 t2 − 1) ,
C
1/2
4 (t) =
1
8
(
3− 30 t2 + 35 t4) , C3/24 (t) = 158 (1− 14 t2 + 21 t4) . (12)
The Gegenbauer moments appeared in Eqs. (9-11) are the following [10, 24]
api1 = 0, a
K
1 = 0.06± 0.03, api,K2 = 0.25± 0.15,
api4 = −0.015, ηpi,K3 = 0.015, ωpi,K3 = −3. (13)
III. FORM FACTORS AND SEMILEPTONIC DECAYS
A. B(s) → pi,K form factors
The form factors for B → P transition are defined by [26]
〈P (p2)|b¯(0)γµq(0)|B(p1)〉 =
[
(p1 + p2)µ − m
2
B −m2P
q2
qµ
]
F+(q
2)
+
m2B −m2P
q2
qµF0(q
2), (14)
where q = p1 − p2 is the momentum transfer to the lepton pairs. In order to cancel the
poles at q2 = 0, F+(0) should be equal to F0(0). For the sake of the calculation, it is
convenient to define the auxiliary form factors f1(q
2) and f2(q
2)
〈P (p2)|b¯(0)γµq(0)|B(p1)〉 = f1(q2)p1µ + f2(q2)p2µ (15)
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in terms of f1(q
2) and f2(q
2), the form factors F+(q
2) and F0(q
2) are defined as
F+(q
2) =
1
2
[f1(q
2) + f2(q
2)],
F0(q
2) =
1
2
f1(q
2)
[
1 +
q2
m2B −m2P
]
+
1
2
f2(q
2)
[
1− q
2
m2B −m2P
]
. (16)
As for the tensor operator, there’s only one independent form factor, which is important
for the semi-leptonic decay
〈P (p2)|b¯(0)σµνq(0)|B(p1)〉 = i[p2µqν − qµp2ν ] 2FT(q
2)
mB +mP
,
〈P (p2)|b¯(0)σµνγ5q(0)|B(p1)〉 = ǫµναβpα2 qβ
2FT(q
2)
mB +mP
. (17)
The above form factors are dominated by a single gluon exchange in the lowest order
and in the large recoil regions. The factorization formula for the B → P form factors is
written as [13, 15]
〈P (p2)| b¯(0)γµq(0)|B(p1)〉 = g2sCFNc
∫
dx1dx2d
2k1Td
2k2T
dz+d2zT
(2π)3
dy−d2yT
(2π)3
×e−ik2·y〈P (p2)|q¯′γ(y)qβ(0)|0〉eik1·z〈0|b¯α(0)q′δ(z)|B(p1)〉T γβ;αδHµ . (18)
In the hard-scattering kernel, the transverse momentum in the denominators are re-
tained to regulate the endpoint singularity. The masses of the light quarks and the mass
difference (Λ¯) between the b quark and the B meson are neglected. The terms proportional
to k21T, k
2
2T in the numerator are dropped, because they are power suppressed compared
to other terms. In the transverse configuration b-space and by including the Sudakov
form factors and the threshold resummation effects, we obtain the B → P form factors
as following,
f1(q
2) = 16πCFm
2
B
∫
dx1dx2
∫
b1db1b2db2ψB(x1, b1)
×
{[
r0
(
φp(x2)− φt(x2)
) · h1(x1, x2, b1, b2)− r0x1ηm2Bφσ(x2) · h2(x1, x2, b1, b2)]
·αs(t1) exp [−Sab(t1)]
+ [x1 (ηφ
a(x2)− 2r0φp(x2)) + 4r0x1φp(x2)] · h1(x2, x1, b2, b1)
·αs(t2) exp [−Sab(t2)]
}
, (19)
f2(q
2) = 16πCFm
2
B
∫
dx1dx2
∫
b1db1b2db2ψB(x1, b1)
×
{[[
(x2η + 1)φ
a(x2) + 2r0
((
1
η
− x2
)
φt(x2)− x2φp(x2) + 3φσ(x2)
)]
·h1(x1, x2, b1, b2)− r0x1m2B (1 + x2η)φσ(x2) · h2(x1, x2, b1, b2)
] · αs(t1) exp [−Sab(t1)]
+2r0
(
x1
η
+ 1
)
φp(x2) · h1(x2, x1, b2, b1) · αs(t2) exp [−Sab(t2)]
}
, (20)
6
FT(q
2) = 8πCFm
2
B
∫
dx1dx2
∫
b1db1b2db2(1 + rP )ψB(x1, b1)
×
{[
r0x1m
2
Bφ
σ(x2) · h2(x1, x2, b1, b2)
+
[
φa(x2)− r0x2φp(x2) + r0
(
2
η
+ x2
)
φt(x2) + r0φ
σ(x2)
]
· h1(x1, x2, b1, b2)
]
·αs(t1) exp [−Sab(t1)]
+2r0φ
p(x2)
(
1 +
x1
η
)
· h1(x2, x1, b2, b1) · αs(t2) exp [−Sab(t2)]
}
, (21)
where CF = 4/3 is a color factor, r0 = m
P
0 /mB = m
2
P/[mB(mq + mq′)], rP = mP/mB
and mP is the mass of the final pseudoscalar meson, mq and m
′
q is the mass of the
quarks involved in the final meson. The functions h1 and h2, the scales t1, t2 and the
Sudakov factors Sab are given in the Appendix A of this paper. One should note that
f1(q
2), f2(q
2) and FT(q
2) as given in Eqs. (19-21) do not including the NLO correction.
In order to include the NLO corrections, the αs in Eqs. (19-21) should be changed into
αs · F (x1, x2, η, µf , µ, ζ1), where the NLO factor F (x1, x2, η, µf , µ, ζ1) has been defined in
Eq. (3).
B. Semileptonic B and Bs meson decays
For the charged current B → πl−ν¯l and B¯0s → K+l−ν¯l decays, as illustrated in Fig.1(a)
and 1(d), the quark level transitions are the b→ ul−ν¯l transitions with l− = (e−, ν−, τ−),
the effective Hamiltonian for such transitions is [27]
Heff (b→ ulν¯l) = GF√
2
Vub u¯γµ(1− γ5)b · l¯γµ(1− γ5)νl, (22)
where GF = 1.16637 × 10−5GeV −2 is the Fermi-coupling constant, Vub is one of the
Cabbibo-Kobayashi-Maskawa (CKM) matrix elements. The corresponding differential
decay widths can be written as [16, 28]
dΓ(b→ ulν¯l)
dq2
=
G2F |Vub|2
192π3m3B
q2 −m2l
(q2)2
√
(q2 −m2l )2
q2
√
(m2B −m2P − q2)2
4q2
−m2P
×
{(
m2l + 2q
2
) [
q2 − (mB −mP )2
] [
q2 − (mB +mP )2
]
F 2+(q
2)
+3m2l
(
m2B −m2P
)2
F 20 (q
2)
}
, (23)
where ml is the mass of the lepton. If the produced lepton is e
± or µ±, the corresponding
mass terms could be neglected, the above expression then becomes
dΓ(b→ ulν¯l)
dq2
=
G2F |Vub|2
192π3m3B
λ3/2(q2)|F+(q2)|2 , (24)
where λ(q2) = (m2B +m
2
P − q2)2 − 4m2Bm2P is the phase-space factor.
For those flavor changing neutral current one-loop decay modes, such as B → P l−l+
with P = (π,K) and B¯0s → K¯0l−l+ decays, as illustrated in Fig.1, the quark level
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transitions are the b→ (s, d)l−l+ transitions, the corresponding effective Hamiltonian for
such transitions is
Heff = −
GF√
2
VtbV
∗
tq
10∑
i=1
Ci(µ)Oi(µ), (25)
where q = (d, s), Ci(µ) are the Wilson coefficients and the local operators Oi(µ) are given
by [27]
O1 = (q¯αcα)V−A(c¯βbβ)V−A, O2 = (q¯αcβ)V−A(c¯βbα)V−A,
O3 = (q¯αbα)V−A
∑
q′
(
q¯′βq
′
β
)
V−A , O4 = (q¯αbβ)V−A
∑
q′
(q¯′βq
′
α)V−A,
O5 = (q¯αbα)V−A
∑
q′
(
q¯′βq
′
β
)
V+A
, O6 = (q¯αbβ)V−A
∑
q′
(q¯′βq
′
α)V+A,
O7 =
emb
8π2
q¯σµν(1 + γ5)b Fµν ,
O9 =
αem
8π
(
l¯γµl
)
[q¯γµ(1− γ5)b] , O10 = αem
8π
(
l¯γµγ5l
)
[q¯γµ (1− γ5) b] , (26)
where q = (d, s), q′ = (u, d, c, s, b).
For the decays with b → sl+l− transition, for example, the decay amplitude can be
written as [27]
A(b→ sl+l−) = GF
2
√
2
αem
π
V ∗tsVtb
{
C10 [s¯γµ(1− γ5)b]
[
l¯γµγ5l
]
+Ceff9 (µ) [s¯γµ(1− γ5)b]
[
l¯γµl
]
−2mbCeff7 (µ)
[
s¯iσµν
qν
q2
(1 + γ5) b
] [
l¯γµl
]}
, (27)
where Ceff7 (µ) and C
eff
9 (µ) are the effective Wilson coefficients, defined as
Ceff7 (µ) = C7(µ) + C
′
b→sγ(µ), (28)
Ceff9 (µ) = C9(µ) + Ypert(sˆ) + YLD(sˆ). (29)
Here the term Ypert represents the short distance perturbative contributions and has been
given in Ref. [29]
Ypert(sˆ) = h(mˆc, sˆ)C0 − 1
2
h(1, sˆ)(4C3 + 4C4 + 3C5 + C6)
−1
2
h(0, sˆ)(C3 + 3C4) +
2
9
(3C3 + C4 + 3C5 + C6), (30)
with C0 = C1 + 3C2 + 3C3 +C4 + 3C5 + C6, sˆ = q
2/m2B, mˆc = mc/mb and mˆb = mb/mB,
while the functions h(z, sˆ) and h(0, sˆ) in above equation are of the form
h(z, sˆ) = −8
9
ln
mb
µ
− 8
9
ln z +
8
27
+
4
9
x
−2
9
(2 + x)
√
|1− x|
{
(ln |
√
1−x+1√
1−x−1 | − iπ), (x ≡ 4z
2
sˆ
< 1),
2 arctan 1√
x−1 , (x ≡ 4z
2
sˆ
> 1),
(31)
h(0, sˆ) =
8
27
− 8
9
ln
mb
µ
− 4
9
ln sˆ+
4
9
iπ. (32)
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The term YLD(sˆ) in Eq. (29) refers to the long-distance contributions from the resonant
states and will be neglected because they could be excluded by experimental analysis[30,
31]. The term C ′b→sγ in Eq. (28) is the absorptive part of b→ sγ and is given by[32]
C ′b→sγ(µ) = iαs
{
2
9
η14/23 [GI(xt)− 0.1687]− 0.03C2(µ)
}
, (33)
with
GI(xt) =
xt (x
2
t − 5xt − 2)
8 (xt − 1)3
+
3x2t ln xt
4(xt − 1)4 , (34)
where η = αs(mW )/αs(µ) and xt = m
2
t/m
2
W .
The differential decay width of b→ sl+l− is given by[16, 33]
dΓ(b→ sl+l−)
dq2
=
G2Fα
2
em|Vtb|2|V ∗ts|2
√
λ(q2)
512m3Bπ
5
√
q2 − 4m2l
q2
1
3q2
×
[
6m2l |C10|2(m2B −m2P )2F 20 (q2)
+(q2 + 2m2l )λ(q
2)
∣∣∣∣Ceff9 F+(q2) + 2Ceff7 (mb −ms)FT(q2)mB +mP
∣∣∣∣
2
+|C10|2(q2 − 4m2l ) λ(q2) F 2+(q2)
]
, (35)
where αem = 1/137 is the fine structure constant. For b → dl+l− decays, it is easy to
derive the differential decay width from above equation by a simple replacement Vts → Vtd
and ms → md.
Finally, the effective Hamiltonian for b→ sνν¯ transition is
Hb→sνν¯ =
GF√
2
αem
2π sin2(θW )
VtbV
∗
tsηXX(xt) [s¯γ
µ(1− γ5)b] [ν¯γµ(1− γ5)ν]
= Cb→sL O
b→s
L , (36)
where θW is the Weinberg angle with sin
2(θW ) = 0.231, the function X(xt) can be found
in Ref. [27], while ηX ≈ 1 is the QCD factor [27]. The corresponding differential decay
width can be written as
dΓ(b→ sνν¯)
dq2
= 3
|Cb→sL |2λ3/2(m2B, m2P , q2)
96m3Bπ
3
|F+(q2)|2. (37)
The factor 3 in above equation arises form the summation over the three neutrino gener-
ations. For b→ dνν¯ transition, we can obtain the differential decay widths easily also by
simple replacements: |V ∗ts| → |V ∗td| and ms → md.
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IV. NUMERICAL RESULTS AND DISCUSSIONS
In the numerical calculations we use the following input parameters (the masses and
decay constants are all in unit of GeV) [34]:
Λ
(f=4)
M¯S
= 0.287, fpi = 0.13, fK = 0.16, fB = 0.21,
fBs = 0.236, mB± = 5.2792, mB0 = 5.2795, mB0s = 5.3663,
τB± = 1.638 ps, τB0 = 1.525 ps, τB0s = 1.472 ps,
mpi± = 0.1396, mpi0 = 0.135, mK± = 0.4937, mK0 = 0.4976,
mτ = 1.777, mb = 4.8, mW = 80.4, mt = 172. (38)
For relevant CKM matrix elements we use |Vtb| = 0.999, |Vts| = 0.0403+0.0011−0.0007, |Vtd/Vts| =
0.211± 0.001± 0.005 [34].
A. Form factors in the pQCD factorization approach
By using the definitions in Eqs. (16,17) and the expressions in Eqs.(19-21), we can
calculate the values of the form factors F0(q
2), F+(q
2) and FT(q
2) for given value of q2
in the region of 0 ≤ q2 ≤ (MB −mP )2. But one should note that the pQCD predictions
for the considered form factors are reliable only for small or moderate values of q2: say
0 ≤ q2 ≤ 12 GeV2. For the form factors in the larger q2 region, one has to make an
extrapolation for them from the lower q2 region to larger q2 region.
For the form factor F0(q
2) of B/Bs → (π,K) transition, we make the extrapolation by
using the pole model parametrization
F0(q
2) =
F0(0)
1− a(q2/m2B) + b(q2/m2B)2
, (39)
where a, b are the constants to be determined by the fitting procedure. In Table I, we
list the LO and NLO pQCD predictions for the form factors F0(0) and the corresponding
parametrization constant a and b for B → (π,K) and Bs → K transitions extracted
through the fitting. The first error of (F0(0), a, b) in Table I comes from the uncertainty
of ωb = 0.40 ± 0.04 GeV or ωBs = 0.50 ± 0.05 GeV, the second ne is induced by aK1 =
0.06± 0.03 and/or api,K2 = 0.25± 0.15The errors from the uncertainties of mpi,K0 , Vts and
|Vtd/Vts| are very small and have been neglected.
For the form factors F+(q
2) and FT(q
2), the pole model parametrization as given in
Eq. (39) does not work, and we have to use other proper parametrization method. In
this paper, we use the Ball/Zwicky (BZ) parametrization method [10, 35, 36]. It includes
the essential feature that F+(q
2) and FT(q
2) have a pole at q2 = m2B∗ , with B
∗(1−) is a
narrow resonance with mB∗ = 5.325 GeV and mB∗s = 5.415 GeV , which are expected to
have a distinctive impact on the form factor.
For the form factors F+(q
2) and FT(q
2) of B/Bs → (π,K) transition, we make the
extrapolation by using the BZ parametrization
Fi(q
2) = Fi(0)

 1
1− q2/m2B∗
(s)
+
rq2/m2B∗
(s)(
1− q2/m2B∗
(s)
)(
1− α q2/m2B(s)
)

 , (40)
10
TABLE I. The pQCD predictions for form factors F0(0) and the parametrization constant a
and b for B → (pi,K) and Bs → K transitions, at the LO and NLO level respectively. The two
errors come from the uncertainties of ωb or ωBs , and a
K
1 and/or a
pi,K
2 , respectively.
F0(0)LO aLO bLO
B → pi 0.22+0.03−0.02 ± 0.01 0.58 ± 0.01 ± 0.03 −0.15 ± 0.01 ± 0.01
B → K 0.27+0.04−0.03 ± 0.01 0.60 ± 0.01 ± 0.03 −0.15+0.01+0.01−0.00−0.02
Bs → K 0.22 ± 0.03 ± 0.01 0.61±0.01+0.04−0.03 −0.16 ± 0.00+0.02−0.01
F0(0)NLO aNLO bNLO
B → pi 0.26+0.04−0.03 ± 0.02 0.50 ± 0.01+0.05−0.04 −0.13 ± 0.01 ± 0.01
B → K 0.31 ± 0.04 ± 0.02 0.53 ± 0.01+0.05−0.04 −0.13 ± 0.01+0.02−0.01
Bs → K 0.26+0.04−0.03 ± 0.02 0.54 ± 0.00 ± 0.05 −0.15 ± 0.01 ± 0.01
0 5 10 15
0.00
0.25
0.50
0.75
1.00
 
 
F T
(q
2 )
q2 (GeV2)
FIG. 2. The pQCD predictions for the form factors FT(q
2) for B → pi transition, where the
dots refer to the pQCD predictions for the given points of q2 in the range of 0 ≤ q2 ≤ 12GeV 2,
while the solid curve stands for the fitted curve at the NLO level.
where α and r are the shape parameters to be determined by the fitting procedure, the
same as for the case of F0(q
2). In Table II, we list the pQCD predictions for the form
factors F+(0), FT(0) and the corresponding shape parameters (α, r) for B → (π,K) and
Bs → K transitions at the LO and NLO level. In Fig. 2, we show the pQCD predictions
for the form factors FT(q
2) for B → π transition, where the dots refer to the pQCD
predictions for each given value of q2 in the large-recoil range of 0 ≤ q2 ≤ 12GeV 2, while
the solid curve stands for the fitted curve at the NLO level, obtained through fitting by
using the Eq. (40).
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TABLE II. The same as in Table I, but for the pQCD predictions for the form factors F+(0),
FT(0) and the corresponding shape parameters α and r at the LO and the NLO level. And the
two errors comes from the uncertainties of ωb or ωBs , and a
K
1 and/or a
pi,K
2 , respectively.
F+(0)LO αLO rLO
B → pi 0.22+0.03−0.02 ± 0.01 0.61+0.00−0.01 ± 0.01 0.51 ± 0.00 ± 0.03
B → K 0.27+0.04−0.03 ± 0.01 0.62+0.00−0.01 ± 0.01 0.58 ± 0.00 ± 0.03
Bs → K 0.22 ± 0.03 ± 0.01 0.64 ± 0.00 ± 0.01 0.56 ± 0.00±+0.04−0.03
FT(0)LO αLO rLO
B → pi 0.23 ± 0.03 ± 0.01 0.69+0.00−0.01 ± 0.01 0.55 ± 0.01 ± 0.03
B → K 0.30+0.04−0.03 ± 0.01 0.71+0.00−0.01 ± 0.01 0.58 ± 0.01 ± 0.03
Bs → K 0.25+0.04−0.03 ± 0.01 0.71+0.01−0.00 ± 0.01 0.59 ± 0.00 ± 0.03
F+(0)NLO αNLO rNLO
B → pi 0.26+0.04−0.03 ± 0.02 0.52 ± 0.01 ± 0.03 0.45 ± 0.00+0.05−0.04
B → K 0.31 ± 0.04 ± 0.02 0.54 ± 0.01+0.02−0.03 0.50 ± 0.00 ± 0.05
Bs → K 0.26+0.04−0.03 ± 0.02 0.57 ± 0.01 ± 0.02 0.50 ± 0.01 ± 0.05
FT(0)NLO αNLO rNLO
B → pi 0.26+0.04−0.03 ± 0.02 0.65+0.01−0.02 ± 0.01 0.50 ± 0.00 ± 0.00
B → K 0.34+0.05−0.04 ± 0.02 0.67 ± 0.01 ± 0.01 0.53 ± 0.00+0.05−0.04
Bs → K 0.28 ± 0.04 ± 0.02 0.69 ± 0.01 ± 0.01 0.53+0.01+0.04−0.00−0.02
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FIG. 3. The pQCD predictions for the q2-dependence of F0,+,T(q
2) for B → pi transition, where
the dots curve and dot-dashed curve shows the LO and NLO part respectively, and the solid
curve stands for the total value at the NLO level.
In Figs. (3-5), we show the pQCD predictions for the q2-dependence of the form factors
F0,+,T(q
2) at the leading order (dots curves) and the next-to-leading order (solid curve)
for the considered B → (π,K) and Bs → K transitions, respectively.
From the numerical results as listed in Table I and II and the q2-dependence as illus-
trated in Figs.(3-5), one can see that:
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FIG. 4. The same as in Fig. 3 but for B → K transition.
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FIG. 5. The same as in Fig. 3 but for Bs → K transition.
(i) For the considered B → (π,K) and Bs → K transitions, the NLO pQCD predictions
for the form factors F0,+,T(0) agree well with the values estimated from the LCSR
or other methods[10].
(ii) F0(0) equals to F+(0) by definition, but they have different q
2-dependence as illus-
trated by Figs.3-5. We also observe the pattern of the relative strength of the form
factors:
FB→pi0,+ (0) = F
Bs→K
0,+ (0)
<∼ FB→K0,+ (0), (41)
FB→piT (0) <∼ FBs→KT (0) <∼ FB→KT (0), (42)
which is consistent with the general expectation.
(iii) The LO part of the form factors dominate the total contribution, the NLO part
is only around 20%. The form factor F0(q
2) has a relatively weak q2-dependence,
but F+(q
2) and FT(q
2) show a little stronger q2-dependence when compared with
F0(q
2).
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B. Decay widths and branching ratios
By using the relevant formula and the input parameters as defined or given in previous
sections, it is straightforward to calculate the branching ratios for all the considered
decays.
Firstly, in Figs.(6-7), we show the differential decay rates dΓ/dq2 for the decay modes
corresponding to the B → (π,K) and Bs → K transitions.
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FIG. 6. The q2-dependence of the differential decay rates dΓ/dq2 for the decay processes with
the B → pi and B → K transitions.
By making the numerical integrations over the whole range of q2, we find the numerical
results for the branching ratios. For the b→ u charged current processes, the NLO pQCD
predictions for the decay rates are the following
Br(B¯0 → π+l−ν¯l) =
(
1.42+0.40−0.30(ωb)± 0.15(api2 )± 0.12(mpi0)
)× |Vub|2|0.0038|2 × 10−4, (43)
Br(B¯0 → π+τ−ν¯τ ) =
(
0.90+0.25−0.19(ωb)
+0.09
−0.08(a
pi
2 )± 0.08(mpi0 )
)× |Vub|2|0.0038|2 × 10−4, (44)
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FIG. 7. The q2-dependence of the differential decay rates dΓ/dq2 for the decay processes with
the Bs → K transitions.
Br(B− → π0l−ν¯l) =
(
7.63+2.16−1.61(ωb)
+0.82
−0.78(a
pi
2 )
+0.66
−0.63(m
pi
0 )
)× |Vub|2|0.0038|2 × 10−5, (45)
Br(B− → π0τ−ν¯τ ) =
(
4.85+1.34−1.01(ωb)
+0.47
−0.41(a
pi
2 )
+0.45
−0.43(m
pi
0 )
)× |Vub|2|0.0038|2 × 10−5, (46)
Br(B¯0s → K+l−ν¯l) =
(
1.27+0.46−0.26(ωbs)
+0.14
−0.13(a
K
i )
+0.10
−0.09(m
K
0 )
)× |Vub|2|0.0038|2 × 10−4, (47)
Br(B¯0s → K+τ−ν¯τ ) =
(
7.78+2.51−1.81(ωbs)
+0.69
−0.66(a
K
i )
+0.62
−0.59(m
K
0 )
)× |Vub|2|0.0038|2 × 10−5, (48)
where the first error comes from the uncertainties of ωb = 0.40±0.04 or ωBs = 0.50±0.05,
the second error are induced by the variations of aK1 = 0.06±0.03, api,K2 = 0.25±0.15 and
the third error comes from the uncertainties of mpi0 = 1.4± 0.1GeV , mK0 = 1.6± 0.1GeV .
For B¯0 → π+l−ν¯l and B− → π0l−ν¯l decay mode, their branching ratios have been
well measured by BaBar, Belle and CLEO Collaborations [1–3]. The new BaBar
measurement[1] and the new world average [37] are the following
Br
(
B¯0 → π+l−ν¯l
)
=
{
(1.41± 0.05(syst.)± 0.07(stat.))× 10−4, BaBar[1],
(1.44± 0.05)× 10−4, PDG2012[37], (49)
Br(B− → π0l−ν¯l) = (7.78± 0.28)× 10−5, PDG2012[37], (50)
On the other hand, we know that one can extract out the magnitude of the CKM matrix
element Vub by comparing the theoretical prediction for Br(B → πlν) with the data.
Based on the measured partial branching fraction for B → πlν in the range of 0 ≤
q2 < 12GeV 2 and the most recent QCD light-cone sum-rule calculation of the form factor
F+(q
2)[38], BaBar Collaboration found the result [1]
|Vub| =
(
3.78± 0.13(exp.)+0.55−0.40(theor.)
)× 10−3, (51)
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where the two errors refer to the experimental and theoretical uncertainties.
From the differential decay rate as given in Eq.(24) and the pQCD calculation of the
form factor F+(q
2) at the NLO level, we make the numerical integration over the whole
range of 0 ≤ q2 ≤ (MB −mpi)2, compare the obtained branching ratio for B¯0 → π+l−ν¯l
with the new BaBar measurement as given in Eq. (49), and derive out our estimation for
the magnitude of Vub:
|Vub| =
(
3.80+0.50−0.43(ωb)± 0.20(api2 )+0.16−0.15(mpi0 )
)× 10−3 = (3.80+0.56−0.50(theor.)) × 10−3, (52)
It is easy to see that our estimation for the central value and the uncertainty of |Vub|
agrees very well with the BaBar result as given in Eq. (51).
For other neutral current processes, after making the numerical integration over the
whole range of 0 ≤ q2 ≤ (MB−mpi)2, we find the NLO pQCD predictions for the branching
ratios. The pQCD predictions at the NLO level and currently available data are all listed
in Table III. The first error of the pQCD predictions comes from the uncertainties of
ωb or ωBs , the second one from a
K
1 and/or a
pi,K
2 , and the third one is induced by the
uncertainties of the chiral mass mpi,K0 .
TABLE III. The NLO pQCD predictions for the branching ratios of the considered decays
with l = (e, µ) and currently available experimental measurements [1–4, 39] and the world
averages[37]. The upper limits are all given at the 90%C.L.
Decay modes NLO pQCD predictions Data
Br(B¯0 → pi0l+l−) (0.91+0.26−0.19 ± 0.10 ± 0.08) × 10−8 < 1.2× 10−7
Br(B¯0 → pi0τ+τ−) (0.28+0.07−0.06 ± 0.02 ± 0.03) × 10−8
Br(B¯0 → pi0νν¯) (7.30+2.07+0.79+0.63−1.54−0.74−0.61)× 10−8 < 2.2× 10−4
Br(B− → pi−l+l−) (1.95+0.55+0.21+0.17−0.41−0.20−0.16)× 10−8 < 4.9× 10−8
Br(B− → pi−τ+τ−) (0.60+0.16+0.04−0.12−0.03 ± 0.06) × 10−8
Br(B− → pi−νν¯) (1.57+0.44+0.17+0.14−0.33−0.16−0.13)× 10−7 < 1.0× 10−4
Br(B¯0 → K¯0l+l−) (5.1+1.5+0.5+0.4−1.1−0.5−0.4)× 10−7 (4.7+0.6−0.2)× 10−7
Br(B¯0 → K¯0τ+τ−) (1.20+0.32+0.07+0.11−0.25−0.07−0.10)× 10−7
Br(B¯0 → K¯0νν¯) (4.1+1.2+0.4+0.3−0.9−0.4−0.3)× 10−6 < 5.6× 10−5
Br(B− → K−l+l−) (5.50+1.59+0.57+0.42−1.18−0.55−0.41)× 10−7 (5.1± 0.5) × 10−7
Br(B− → K−τ+τ−) (1.29+0.35−0.26 ± 0.08 ± 0.11) × 10−7
Br(B− → K−νν¯) (4.42+1.28+0.46+0.34−0.95−0.44−0.33)× 10−6 < 1.3× 10−5
Br(B¯0s → K0l+l−)
(
1.633+0.54+0.18+0.12−0.38−0.17−0.12
)× 10−8
Br(B¯0s → K0τ+τ−)
(
0.43+0.13+0.03+0.04−0.10−0.03−0.04
)× 10−8
Br(B¯0s → K0νν¯)
(
1.31+0.43+0.14+0.10−0.31−0.13−0.10
)× 10−7
From the NLO pQCD predictions for the branching ratios of all considered semi-
leptonic decays of B and Bs meson, as listed in Eqs. (44-47) and Table III, we have the
following points:
(i) The branching ratios of the charged current processes B → πlν and Bs → Klν
are all at the order of 10−4. For B¯0 → π+l−ν¯l and B− → π0l−ν¯l decay modes, the
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pQCD predictions for its branching ratios as shown in Eqs. (43,45) agree very well
with the data as given in Eqs. (49,50). For other charged current decay modes, the
pQCD predictions as given in Eqs. (44,46-48) will be tested by the LHCb and the
forthcoming Super-B experiments.
(ii) For the neutral current B¯0 → K¯0l+l− and B− → K−l+l− decays, the NLO pQCD
predictions for their branching ratios agree very well with currently available exper-
imental measurements. For other neutral current decays, the NLO pQCD predic-
tions are all consistent with currently available experimental upper limits and will
be tested by LHCb and the fothcoming Super-B experiments.
(iii) Because of the strong suppression of the CKM factor |Vtd/Vts|2 = 0.2112 [34], the
branching ratios for the decays with b→ d transitions are much smaller than those
decays with the b→ s transitions. Furthermore, the branching ratios of B(s) → Pνν
are almost an order larger than their corresponding decay modes B(s) → P l+l−
partially due to the generation factor Ng = 3. In order to reduce the theoretical
uncertainty of the pQCD predictions, we defined several ratios Rν , RC and RN1,N2,N3
among the branching ratios of the considered decay modes.
The NLO pQCD prediction for the ratio Rν is of the form
Rν =
Br(B¯0 → π0νν¯)
Br(B¯0 → π0l+l−) ≈
Br(B¯0 → K¯0νν¯)
Br(B¯0 → K¯0l+l−)
≈ Br(B
− → π−νν¯)
Br(B− → π−l+l−) ≈
Br(B− → K−νν¯)
Br(B− → K−l+l−)
≈ Br(B¯
0
s → K0νν¯)
Br(B¯0s → K0l+l−)
≈ 8, (53)
for l = (e, µ). These relations will be tested by experiments.
(iv) Because of the large mass of τ lepton, we found that the considered B/Bs decays
involving one or two τ ’s in the final state have a smaller decay rates than those with-
out τ . The pQCD predictions for the ratios RC and RN1,N2,N3 of the corresponding
branching ratios of relevant decays are the following
RC =
Br(B¯0s )→ P+l−ν¯l)
Br(B¯0s )→ P+τ−ν¯τ )
≈ 1.5, (54)
RN1 =
Br(B¯0 → π0l+l−)
Br(B¯0 → π0τ+τ−) ≈
Br(B− → π−l+l−)
Br(B− → π−τ+τ−) ≈ 3.3, (55)
RN2 =
Br(B¯0 → K¯0l+l−)
Br(B¯0 → K¯0τ+τ−) ≈
Br(B− → K−l+l−)
Br(B− → K−τ+τ−) ≈ 4.3, (56)
RN3 =
Br(B¯0s → K0l+l−)
Br(B¯0s → K0τ+τ−)
≈ 3.8, (57)
for l = (e, µ). These relations will be tested by LHCb and the forthcoming Super-B
experiments.
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V. SUMMARY AND CONCLUSIONS
In this paper we calculated the branching ratios of the semileptonic decays B →
(π,K)(l+l−, lν, νν¯) and Bs → K(l+l−, lν, νν¯) in the pQCD factorization approach. We
firstly evaluate the B → (π,K) and Bs → K transition form factors F0,+,T(q2) by em-
ploying the pQCD factorization approach with the inclusion of the next-to-leading-order
corrections, and then we calculate the branching ratios for all considered semileptonic
decays. Based on the numerical results and the phenomenological analysis, we found the
following points:
(i) For the B → (π,K) and Bs → K transition form factors F0,+,T(q2), the NLO
pQCD predictions for the values of F0,+,T(0) and their q
2-dependence agree well
with those obtained from the LCSR or other methods. The NLO part of the form
factors in the pQCD factorization approach is only around 20% of the total value.
(ii) For the charged current B¯0 → π+l−ν¯l and B− → π0l−ν¯l decays and the neutral
current B¯0 → K¯0l+l− and B− → K−l+l− decays, the NLO pQCD predictions for
their branching ratios agree very well with the measured values.
(iii) By comparing the pQCD predictions for Br(B¯0 → π+l−ν¯l) with the mea-
sured decay rate we extract out the magnitude of the CKM element Vub: |Vub| =(
3.80+0.56−0.50(theor.)
)× 10−3.
(iv) We also defined several ratios of the branching ratios Rν , RC and RN1,N2,N3,
and presented the corresponding pQCD predictions, which will be tested by LHCb
and the forthcoming Super-B experiments.
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Appendix A: Related functions defined in the text
In this Appendix, we present the functions needed in the pQCD calculation. The
threshold resummation factors St(x) is adopt from Ref.[13]:
St =
21+2cΓ(3/2 + c)√
πΓ(1 + c)
[x(1− x)]c, (A1)
and we here set the parameter c = 0.4. The hard functions h1 and h2 come form the
Fourier transform and can be written as [40]
h1(x1, x2, b1, b2) = K0 (
√
x1x2ηmBb1)
[
θ(b1 − b2)I0 (√x2ηmBb2)K0 (√x2ηmBb1)
+θ(b2 − b1)I0 (√x2ηmBb1)K0 (√x2ηmBb2)
]
St(x2), (A2)
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h2(x1, x2, b1, b2) =
b1K1
(√
x1x2ηmBb1
)
2
√
x1x2ηmB
[
θ(b1 − b2)I0 (√x2ηmBb2)K0 (√x2ηmBb1)
+θ(b2 − b1)I0 (√x2ηmBb1)K0 (√x2ηmBb2)
]
St(x2), (A3)
where J0 is the Bessel function and K0, K1, I0 are modified Bessel functions.
The factor exp[−Sab(t)] contains the Sudakov logarithmic corrections and the renor-
malization group evolution effects of both the wave functions and the hard scattering
amplitude with Sab(t) = SB(t) + SP (t), where
SB(t) = s
(
x1
mB√
2
, b1
)
+
5
3
∫ t
1/b1
dµ¯
µ¯
γq (αs(µ¯)) , (A4)
SP (t) = s
(
x2
mB√
2
, b2
)
+ s
(
(1− x2)mB√
2
, b2
)
+ 2
∫ t
1/b2
dµ¯
µ¯
γq (αs(µ¯)) , (A5)
with the quark anomalous dimension γq = −αs/π. The functions s(Q, b) are defined by
[13]
s(Q, b) =
A(1)
2β1
qˆ ln
(
qˆ
bˆ
)
− A
(1)
2β1
(qˆ − bˆ) + A
(2)
4β21
(
qˆ
bˆ
− 1
)
−
[
A(2)
4β21
− A
(1)
4β1
ln
(
e2γE − 1
2
)]
ln
(
qˆ
bˆ
)
+
A(1)β2
4β31
qˆ
[
ln(2qˆ) + 1
qˆ
− ln(2bˆ) + 1
bˆ
]
+
A(1)β2
8β31
[
ln2(2qˆ)− ln2(2bˆ)
]
, (A6)
where the variables are defined by qˆ = ln[Q/(
√
2Λ)], bˆ = ln[1/(bΛ)], and the coefficients
A(i) and βi are
β1 =
33− 2nf
12
, β2 =
153− 19nf
24
, A(1) =
4
3
,
A(2) =
67
9
− π
2
3
− 10nf
27
+
8
3
β1 ln(e
γE/2) (A7)
here, nf is the number of the quark flavors, the γE is the Euler constant. The hard scales
ti in the equations of this work are chosen as the largest scale of the virtuality of the
internal particles in the hard b-quark decay diagram,
t1 = max{√x2ηmB, 1/b1, 1/b2}, t2 = max{√x1ηmB, 1/b1, 1/b2} (A8)
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